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Vortex waistlines and vortex gas
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We investigate the manner in which a linear potential arises from fluctuations due to vortices linked with the
Wilson loop. In particular, the customary naive picture is critically reexamined.
A large body of work over the last few years [1]
supports the picture of long thick vortices as the
most important long range degrees of freedom for
confinement.
In this note we wish to examine more closely
the manner in which a linear potential arises from
vortex fluctuations. One customarily assumes a
picture of randomly distributed vortices of certain
thickness and basically arbitrary length. Further-
more, in the presence of a Wilson loop, one as-
sumes that the free energy cost and hence the
probability for a vortex to pierce anywhere inside
the area enclosed by the loop is constant for all
loop sizes. Summing then independently over all
vortices linking with the loop one gets area law
behavior for the loop expectation:
W [C] ∼ 1 + (−1) k|AC |+
((−1) k|AC |)
2
2!
+ · · ·
= exp(−k|AC | ) . (1)
How accurate is this picture?
We consider explicitly only the case of SU(2)
for simplicity. We work on a lattice Λ of lin-
ear extension Lµ in spacetime direction µ =
1, . . . , d. Let O[Vµν ] denote the operator that
flips the sign of the coupling (introduces a Z(2)
‘twist’) on a coclosed set of plaquettes Vµν wind-
ing around the periodic lattice perpendicularly to
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the µν−directions. The twist introduces a discon-
tinuous gauge transformation with multivalued-
ness in Z(2), i.e. a vortex trapped in the periodic
lattice. The expectation of this operator defines
the vortex free energy
exp(−Fv[µν]) =
〈
O[Vµν ]
〉
. (2)
The expectation depends only on the directions in
which V winds through the lattice, not its exact
shape or location, nor the number mod 2 (mod
N) of homologous sets V carrying a twist. This
expresses the mod 2 conservation of flux, a simple
consequence of which is
〈O[Vµν ]O[V
′
µν ]〉 = 1. (3)
Our argument in the following assumes that the
vortex free energy (2) behaves as follows. For
sufficiently large |Aµν | and dimension d ≤ 4
Fv[µν] ∼ (
∏
λ6=µν
Lλ ) exp(−ρ(β) |Aµν | ), (4)
where |Aµν | = LµLν .
This is the optimal behavior under exponential
transverse spreading of the flux introduced by the
twist on V , with ρ approaching, at least asymp-
totically, the exact linear potential string tension.
It is dictated by physical reasoning, and explic-
itly seen in strong coupling expansion. Recently,
it has become possible to exhibit this behavior at
large β in extensive numerical simulations [2].
The Z(2) Fourier transform of (2):
exp(−Fel) =
〈 1
2
( 1−O[Vµν ] )
〉
(5)
2gives the dual (w.r.t. the center) color-electric
free energy. The mod 2 conservation of the mag-
netic flux is now expressed by the projection prop-
erty〈 1
2
( 1−O[Vµν ] )
1
2
( 1 −O[V ′µν ] )
〉
=
〈
( 1−O[Vµν ] )/2
〉
. (6)
There are several identities involving the Wil-
son loop operator and the operator O[V ] that can
serve as the starting point for deriving rigorous
inequalities relating the Wilson loop to the flux
order parameters (2), (5) [3]. A simple such re-
lation, which is easily obtained and the only one
needed here, is :
W [C] =
〈1
2
trU [C]
1
2
(
1−O[V ′]
)〉
. (7)
In (7), W [C] =
〈
1
2 trU [C]
〉
is the Wilson loop
expectation for a loop C, and V ′ is a coclosed set
of plaquettes linking with C.
Now by the property (6), one may insert mul-
tiple 12 ( 1 − O[V ] ) factors in (7) corresponding
to a collection of coclosed sets {Vi} linking with
the loop C. Imagine enclosing each such Vi in
a ‘vortex container’ [4], i.e. a sublattice Λi ⊂ Λ
containing Vi and wrapping around C (figure 1).
Λ i
C
Figure 1. Vortex container Λi enclosing coclosed
plaquette set Vi (shaded) linking with loop C.
Furthermore, imagine integrating over the
bond variables in the interior of each container,
keeping bond variables on its boundary ∂Λi fixed,
and define
fΛi(U∂Λi) =
1
2
(
1−
z
(−)
Λi
(U∂Λi)
z
(+)
Λi
(U∂Λi)
)
. (8)
In (8), z
(∓)
Λi
(U∂Λi) denotes the partition function
for (the interior of) Λi with (−) or without (+)
twist on Vi. Note that fΛi(U∂Λi) is nothing but
the electric free energy now defined on a lattice
Λi (the vortex container) with fixed (instead of
periodic) b.c. in the directions transverse to Vi.
By these steps one then obtains from (7) the exact
relation
W [C] =
〈
1
2 trU [C]
∏
i
fΛi(U∂Λi)
〉
, (9)
which, in turn, immediately yields the bound:
W [C] ≤
∏
i
max
U∂Λi
|fΛi(U∂Λi)|. (10)
In (10) the maximum is taken over all values of
the bond variables on the boundary ∂Λi.
The bound given by (10) leads to area law ac-
cording to the naive notion of independent vor-
tices linking with the loop provided they grow long
enough to be able to pierce at any point of the
area spanning the loop. For this to happen one
must assume, according to (4), that they grow
thick enough to reach the regime:
−ln(z
(−)
Λi
(U∂Λi)/z
(+)
Λi
(U∂Λi)) ∼ |Vi| exp(−ρ d
2
i )(11)
for all U∂Λi . Here di denotes the size of Λi in each
of the two directions transverse to the enclosed set
Vi; its longitudinal size is given by |Vi|. It follows
that to keep the free energy cost of each vortex
less than a fixed value f , we need:
d2i ≥
1
ρ
ln (|Vi| / f) . (12)
Then also max fΛi(U∂Λi) <
1
2 (1 − e
−f) < const.
But, |Vi| (in d dimensions) is of order R
d−2 in or-
der to have linkage through points away from the
perimeter of a rectangular loop of side lengths T
and R, T > R. Such a loop can then accommo-
date ∼ RT/ lnR containers wrapped around it.
3Thus we obtain a confining but not quite purely
linear potential
V (R) ≥ constR/ lnR . (13)
By the same reasoning we now see that the fa-
miliar argument for area law summarized in (1)
must also fail in the same manner. It ignores the
actual free energy requirements for having vor-
tices of sufficient length link with a large loop: the
type of discussion just given above for (10) applies
to each term in the summation in (1). Thus, for
one vortex to link anywhere with a large loop of
side lengths T and R (T ≫ R), at bounded fixed
cost, a vortex cross section area of order lnR is
required. This leads at best to (13), not (1).
The discrepancy comes from the treatment of
vortices as localized and independent. For each
vortex enclosed in a vortex container of fixed, but
sufficiently large, width d, the vortex bulk free en-
ergy cost inside is correctly estimated from (11).
In addition, however, the vortex is surrounded
by the pure gauge long tail that encodes its non-
trivial topology and flux quantization. The tail
incurs no additional action cost, but is of infi-
nite range, and communicates the presence of a
vortex inside the container to other vortices, or
other topological obstructions, outside enforcing
flux conservation mod N. This long distance in-
teraction allows a system of vortex excitations to
adjust the amount of flux spreading, i.e adjust
the thickness of vortices to minimize the free en-
ergy of the system. The thickness of vortex cores
then is not fixed, but is adjusted relative to their
length as required by the presence of other vor-
tices and/or other obstructions (e.g. Wilson loop
legs) sensitive to the presence of topological Z(N)
flux.
Thus, in the presence of the Wilson loop source,
the optimal configurations for the system are not
those of multiple isolated linked vortices, each of
some fixed free energy cost, hence length |V| ∼
R(d−2) and fixed width d2 ∼ lnR ≪ R, T . It is
more advantageous, in terms of free energy cost,
for multiple linking vortices to thicken and merge,
the total topological flux being conserved mod
N. Since the Wilson loop operator is affected by
the topological flux through it only mod N, this
should optimize the expectation.
The exact expression (9) holds for any number
of factors in the product inside the expectation.
In view of the above discussion, optimization re-
quires combining containers into ones as thick as
possible by integrating over the boundary fields
of neighboring containers. With T ≫ R, this
amounts to taking containers in the product in
(9), (10) having transverse area ∼ R2, and lon-
gitudinal extension ∼ (constR)(d−2). (10) now
gives
V (R) ≥ constR− const ( lnR+ const )/R (14)
replacing (13). For loops with T
>
∼ R, strict lin-
ear potential arises essentially from thick vortex
fluctuations spanning the entire loop area.
Our discussion shows that an effective picture
of the long distance confining fluctuations as iso-
lated, independent vortices winding over long dis-
tances - i.e., as some kind of an approximately di-
lute or weakly interacting vortex gas - is not gen-
erally applicable. In general vortices cannot be
considered isolated, and a definite number of vor-
tices, specified more precisely than mod N, can-
not necessarily be unambiguously assigned to ev-
ery configuration. This accords with the picture
of ‘condensation’ of vortex flux and ‘percolated’
vortices over distances ≥ 1 fm, as suggested by
the simulations. The effective description of this
vacuum is discussed in [3]
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